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Abstract 

The inhomogeneous quantum groups IGLq{n) are obtained by means of 
a particular projection of GLq{n + 1). The bicovariant differential calcu- 
lus on GLq[n) is likewise projected into a consistent bicovariant calculus on 
IGLq{n). Applying the same method to GLq{n,C) leads to a bicovariant 
calculus for the complex inhomogeneous quantum groups IGLq{n,C). The 
quantum Poincare group and its bicovariant geometry are recovered by spe- 
cializing our results to ISLq{2, C). 
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The study of a continuous deformation of the Poincare group is worthwhile per 
se, given the central role of this group in physics. In the context of a quantum group 
theoretic formulation of gravity theories, it is in fact essential to find a consistent 
g-deformation of the Poincare group. This we will present in this letter. 

Quantum groups have emerged in the last years as nontrivial deformations 

of Lie groups, and the differential calculus on them has been developed recently 
1^, ^ 1^, ^, ^. The general constructive procedure of ref. |^ works for the q- 
groups of the A, B, C, D series, and in ref. fl^ we have studied how to extend it to 
nonhomogeneous quantum groups. 

We begin by presenting a general method for constructing inhomogeneous quan- 
tum groups and their complexification. In ref. |T0| we have found the i?-matrix 

using the definition of inhomo- 
Here, however, we take a different route and 
obtain the inhomogeneous g-groups IGLq{n) and IGLq{n,C) (and their bicovari- 
ant [] differential calculi) as projections of GLq{n + 1) and GLq{n + 1, C) (and their 
bicovariant differential calculi). Both procedures are equivalent and lead to the 
same g-differential calculi; the one we present here has the advantage of giving a 



and a bicovariant differential calculus for IGLq{n 



geneous g-groups as given in [|Tl|] 



new interpretation to the results of ref.s [0, p!0|] . 



Finally, our method is specialized to ISLq{2, C), the quantum Poincare group, 
whose bicovariant g-Lie algebra is found and given explicitly in the Table. 

Other papers concerning the quantum Lorentz group or the quantum Poincare 



group are quoted in [p!2|-||14 



The key observation is that the i?- matrix of GLq{n + 1) can be written as 
(A=(0,a)): 

/ q \ 



R 



AB 



CD 



10 
1 

V i?"^ 



(1) 



cd 



J 



where R is the /2-matrix of GLq{n), 



and the indices AB are ordered as 00, 06, aO, ab. 
This form of the i?-matrix allows a consistent projection of GLq{n + l) into GLq{n). 
This projection works also for the corresponding *-Hopf algebra structures and bi- 
covariant differential calculi, as was pointed out in ref. |jl5[ in the case of G'Lq(3) — >■ 
GLq{2). The reason why it works will be clarified below. 



Let us explain what we mean by "projection". To be specific, we take again the 



^ "bicovariant" meaning that one can define a left and a right action of the g-group on the space 
of quantum one-forms, as in the q = 1 case, see ref. H. 
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case of GLq{3), generated by: i) the matrix elements 



B 



B 



/ rpQ rpO rpO 

I ^ Q ^ I ^ 2 

T\ T\ T\ 

2 rp2 rp2 



( Ti T2 Ts 
T4 Ts Tg 

V T7 Ts Tg 



(2) 



\ rp2 rp2 rp2 

\ -^1 2 

ii) the identity I, and the inverse S of the g-determinant of T, defined by: 

E detgT = detgT E = I (3) 
det,T^5:(-(?)'('^)T^(,)---T\(„) (4) 

where /(a) is the minimum number of transpositions in the permutation a. More- 
over, the matrix entries in satisfy the "RTT" relations: 



TjAB rpE rpF 

^ EF-'- C-'- D 



rpB rpji r>t 

1 pi pIX (jp) 



■)EF 



(5) 



with R^^(jp, given by: 
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(6) 



where X = q — q^^ . The reader can verify that this i?-matrix indeed has the form 
(|I|). We recall the co-structures of GLq{n + 1), i.e the coproduct A, the counit e 
and the coinverse k: 



k{t\) = {T-y^ 

A{detqT) = detqT ^ detqT, A(S) = S ® S, A{I) = I ® I 
e{detqT) = l, £(0 = 1, £(/) = ! 
K{detqT) = ^, k(0 = detgT, = I 



The quantum inverse of T^^ is given by: 



(T 



-1\A 



B 



A-B+ A 



B 



(7) 
(8) 
(9) 

(10) 

(11) 
(12) 



(13) 



where is the quantum minor, i.e. the quantum determinant of the submatrix of 
T obtained by removing the i?-th row and the ^-th column. 
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A consistent *-structure of GLq{n) is given by ||^: 

{T\r = n{T\), (14) 

E* = detgT (15) 

The unitarity condition (p!4D restricts GLg{n + l) to Ug{n + 1), while setting det^T = 
I restricts GLq{n + 1) to SLq{n + 1). If both conditions hold we have SUq{n + 1). 
For sake of generality we consider GLq{n + 1) rather than its restrictions, but our 
discussion applies to SLq{n + 1), Uq{n + 1) and SUq{n + 1) as well. In the following 
we do not require ( p!4D to hold. 

The projection of GLq{?>) onto GLq{2) is defined by setting 

= Ts = r4 = Tr = 0, Ti = / (16) 

in (0). The corresponding left-invariant one- forms u and the g-Lie algebra genera- 
tors X s-re set to "zero" : 

c^2 = cu^ = = cu^ = = 0, (17) 
X2 = X3 = X4 = X7 = Xl = 0. (18) 

(another equivalent projection would be given by T3 = Tg = T7 = Tg = 0, Tg = 
/). Using (|17D and (|18D in the differential calculus of ref. |T^, one retrieves the 
bicovariant differential calculus on GLq{2). The reason this projection works at the 
quantum group level is of course the particular form of the i?-matrix in (0), so that, 
for example, the "RTT" relations for GLq{3) correctly reduce to those of GLq{2). 
Also, the *-Hopf algebra structures project into those of GLq{2), as one can easily 
deduce by substituting ( [T^ ) into (0)-(^). As we now discuss, the projection works 
also for the differential calculi. 



A bicovariant differential calculus on GLq{n + 1) can be constructed in terms 
of the corresponding R matrix [0, |, ^j. The basic object is the braiding matrix 

which is used in the definition of the exterior product of quantum left-invariant one 
forms uj^: 

, , A2 . D2 — A2 ^ D2 A A2 Da iCi Bi C2 ^ B2 /9^^ 
^Ai /\ ^Di = ^Ai ^ ^Di - ^^Ai Di I C2 B2^Ci ^ ^Bi l^Uj 

and in the g-commutations of the quantum Lie algebra generators x\- 

•xz-^i A ^2 F2\Di Ci Fi _ f-.Di Ci i A2A1 /r,. n 

A D2A C2 ^^Ei Fi I D2 C2 A E2X. F2 ~ ^ D2 C2U1 A A2 l^-'-J 

where the structure constants are explicitly given by: 

Cl\lc? = ^^^[-SElSc'M + A/c?l \\]. (22) 
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and x\x% = {x\ ® X%)A, cf. ref.s 0, |, |. 
The vector is defined by 

k\T\) = D^^T%{D-Tb = d^d-^'T\ (23) 
For GL,(n + l) we have = q^^~^ (cf. §). fn the case of GLg(3), = q, = g^ 



The braiding matrix A and the structure constants C defined in ( |T9|) and (^ 
satisfy the conditions 



C„ "C„,. ^ - A'^' ,,.C,, "C,, ^ = C,,. '^C,, ^ (q-Jacobi identities) (24) 
A^A^'^ .,A^'^ fc, = A"' „A"%^. A^^- (Yang-Baxter) (25) 

Ci \ml \ns lA*' r ^ s \pq \il /- 1 ^i/"" rriAis ^'Ofi'\ 
„„il ^jil Ik -r -l^ rj^lk — jk^^ rq^lp ~^ ^jk rm l^^J 

Cm \ns \ij \nm (~\ s (07\ 

rk ml — kl^^ ri^mj \^ ' ) 

where the index pairs and have been replaced by the indices * and i respectively. 
These are the so-called "bicovariance conditions", see ref.s §|, 0, necessary in 
order to have a consistent bicovariant differential calculus. 



By using (g) in (|T9]) and (|2|), one finds that A/^'£^\%% = unless Ai = 
ai,A2 = a2,Di = di,L>2 = d2, and C'lJ'lJ j^^^ = unless Di = di,L»2 = ^2- As 
a consequence ^cn^ J^^ l^'^l^ ^'^cj'b2\<h satisfy by themselves the bicovariance 
conditions (p4D-(p^). This explains why the projection from GLg{n + 1) to GLq{n): 

T\ = T\ = 0, T\ = I, (28) 

< = u^' = u,' = 0, (29) 
X\ = X\ = X\ = (30) 
leads to a consistent bicovariant calculus for GLg{n). 

So far we have seen how to obtain GLq{n), together with its *-Hopf algebra 
structure and bicovariant differential calculus from the "mother " structures of 
GLqin + 1). This is not so exciting, but suggests a way to obtain inhomogeneous 
quantum groups via another kind of projection. 

Indeed, consider 

T\ = 0, T\ = x\ T\ = u (31) 
(note that T^q is not set to the identity any more), together with 

cjp'^ = cuo° = (32) 
X\ = X°o = (33) 
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The projection ( PT| ) yields the quantum group IGLq{n), generated by T"^, x"-, u, v 
(the inverse of u, i.e. uv = vu = I), ^ (the inverse of det^T^j,) and the identity /. 
The commutation relations of these elements can be read off the "RTT" relations 
d) for GLg{n + 1) after using (g) and (|l]): 

R^\fT\T^ , = T' fT\R'\, (34) 

x'^T^ = R''\fT\x^ (35) 

^^x'^x'^ = (36) 

T\u = uT\ (37) 

T\v = vT\ (38) 

x'^u = q-^ux"" (39) 

x''^; = qvx"" (40) 
the A matrix being the ^-generalization of the antisymmetrizer: 

-4=^ (41) 

q + q ^ 

where R'^^ ^ = R'^ 

The "projected" quantum determinant det^T^^ = wdet^T"^ and its inverse 
S = are central. 

The Hopf algebra co-structures, consistent with the commutation rules, are de- 
duced from those of GLq{n + 1) by simply substituting (0) into (|7|)-(p!^: 

/\{T\)=T\®T%, A{I) = I®I, (42) 

A(x'^) =T\®x'' + x"®w (43) 

A(n) = n®M, A{v)=v<^v (44) 

A(detgT) = detgT ® det^T, A(0 = ^ ® ^ (45) 



e{T%) = Sl £(/) = !, (46) 

six") = (47) 

e{u) = e{v) = 1 (48) 

£(det,T) = e{0 = 1 (49) 

k{T\) = {T-')\, k{I) = I, (50) 

«:(x") = -n{T\)x\ (51) 

k{u) = V, k{v) = u (52) 

K{deiqT) = k{C) = detgT (53) 
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After using (^) and (^) do we obtain a consistent bicovariant differential calculus 
for the quantum group IGLq{n) ? The answer is yes. Indeed consider the g-Lie 
algebra ( PT| ) of GLq{n + 1). Using the decomposition (|I|) for R^^(jj~, we find 

^ci 61 _ A 02 c(2|ci bi ai di _ '^^ [ A^i A^i i A a rf2|ci 61 1 di /rrA\ 
A C2A 62 ^^ai rfi I C2 62 A, a2A <i2 ~ ^ _ ^-1 ^ "b2"di"c2 + ^^a di I ca 62JA d2 l^^J 

A OA 62 V-"- / eiail-'*' ) 62^1 12'''. ~ 

^-^[-^^Si + (^-')"'^,a(^-')"\djx'^^ (55) 
= (56) 

xVJ) - Q iR-T\a, x^'hx'h = (57) 

where A^'^'^^'^^ I^^J^''^^^ is the braiding matrix of GLq{n), given in (|5), so that the 
commutations in (|5^) are those of the g-subalgebra GLq{n). Note that the g ^ 1 
limit on the right hand sides of (|^) and (^Sj) is finite, since the terms in square 
parentheses are a (finite) series in g — g~^, and the — th order part vanishes (see 
P], eq. (5.55)). We have written here only a subset X of the commutation relations 
(pll) . This subset involves only the x% and x"g generators, and closes on itself. The 
A and C components entering (|5^ ) -(|57 D are 



K t \%% = d'^d:^'R'Xq, {R-T\a. (59) 

KT.To ll = iR''r\aAR'TX,. (60) 

KT,'\%% = iQ~ ?~')^^^^c-2'^^^'i2..(^"')"''e.a.(^-')'^^l., (61) 

Klroo=QiR-T\a. (62) 



C2 f)2 I di 

/^ci 6i I _ 
^ bzlcil ~ 

f^ci 6i I _ 

^ C2 0\di - 



structure constants of GLq{n) 



1 



-l\aei 



Kl^Z + {R-rXaiR- J ,2<i. 



q-q 



92d\ 



(63) 
(64) 

(65) 



This result was already found in without using the projection discussed in the 
present Letter. We repeat now the same reasoning as in : the components given 
in (p8D-(|65D are the only non- vanishing ih\'"c2^B2 components and the only non- 
vanishing CPc2^b2\di components with indices Ci, C2, .Bi, -B2 corresponding to the 
subset X. Because of this, they satisfy hy themselves the bicovariance conditions, 
as the sums in (P^-(P7D do not involve other components. Then (|5^)-(|^ defines 
a bicovariant quantum Lie algebra, and a consistent differential calculus can be set 
up, based on a A tensor whose only nonvanishing components are (B^)-(B^). 
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Finally, we consider the complexification IGLq{n,C). This we obtain as the 
projection of the complex g-group GLq{n + 1, C). Let us recall how to construct 
GLqiji + 1, C) from GLq{n + 1) [|T^. Using the *-structure on GLq{n + 1), one 
introduces the conjugated elements 

f\ ^ HT\)r (66) 

The complex conjugate version of (H) yields the RTT relation: 

pAB rjiE rpF _ rfiB rpA r>E F 

whereas the commutations between T^^ and T^^ can be defined to be 

ryAB n^E rpF rpB rj^A uEF f ciQ\ 

^ efJ- d - J- fJ- E^ CD 

An iiTT- formulation for the complexified quantum group GLq{n+ 1, C) can be 
found by defining the matrix T"^^: 

T\- - ( ) (69) 

where 

T^B = T^B (70) 
with the index convention J = {A, A). Then the TZTT relation 

fylJ rpM rpN rpj rpl ^MN 

with 



1^ KL 



( R 







(i?+)-i 











R 





V 





r) 



(72) 



(indices IJ ordered as AB,AB,AB,AB, and {R'^)^^^^ = R^\(j) reproduces the 
commutations (|^), ( |57D and (|55D. A bicovariant calculus on GLq{n + 1, C) can be 
set up in terms of the TZ matrix, via the standard formula given before for the 
braiding matrix A. 

We define now the projection of GLq{n + 1, C) onto the complexified inhomo- 
geneous quantum group IGLq{n, C) by taking the complexified version of (|3T|): 

T\ = 0, T\ = x^ T\ = u, T% = 0, r% = x^ r% = u (73) 

Then IGLq{n + 1, C) is defined as the algebra A freely generated by the elements 
r^j,, T°'i, x"", x°', u and its inverse u and its inverse w, and the inverses ^, ^ of 
the g-determinants detgT'^^, det^T'^^. The "projected" g-determinants udetgT"^, 
'udetqT'^^ and their inverses f^, are central. The commutations of these elements 
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are deduced from (|), ( p7| ) and ( |5BD after use of ([75D; they are given therefore by 
TOD for TT and TT commutations, whereas the TT commutations are: 



pafe rpe rpf rpb rpa pe/ 

ef-'-c-'-d — -^ f-^ cd 


(74) 




(75) 


T~^,u = uT\, T~\v = vT~\ 

C C' c c 


(76) 


,fx'T\ = {q- q-^)x'T\ + T' ,x^ 


(77) 


^jx^xf = qx''x~^ 


(78) 


x°'u + {q — q~^)ux°' = qux"' 


(79) 


vx°' + {q — q~^)vux°'v = qx"'v 


(80) 


uT\ = T\u, vT\ = T\v 


(81) 


ux"" = qx"'u, vx"" = q~^x°'v 


(82) 


uu = uu, uv = vu, vu = uv, vv = vv 


(83) 



The co-structures of the conjugated elements T^j^ are given by the same formulas 
(with barred indices) as in (0)-(|l^). 



The bicovariant differential calculus on GLg{n + 1,C) is found by the usual 
procedure, described in formulas ([T9|)-(p^, after replacing A,B... indices by I, J... 
indices. Here again we find a subset X of the g-Lie algebra of GLq{n + 1,C) 
that closes on itself, and allows therefore a consistent projection onto a bicovariant 
differential calculus for IGLq{n, C). This subset is given by ([5^)- (|57|) and: 



ci bi _ A aa rf2|Ci bi ai di _ ^ r rfei eci rda i A a d2\ci hi i di /oA] 



X c-aX 5a - «ca C2a,^ 6a/2 X ^a^ da = 

^ Hbl^i + d^'dc2R^\aR'\2f2]x'd2 (85) 



q-q 1 



x\x\2 + {q-q-'W^,R'%c2X%x'd2- 

- iR-'r'UR'%2X%2x\ = ^"tcaX°d-a (86) 

X%X\ - R'-^'U X%X% = (87) 

X%x\ + iq-q-')d'd-^'S'^c,iR-r%d.X%2X%- 

- rf^^rf;/(/2"i)^^^^^,^/2^-i^,^(i?-i)--,^i?^^t/. X%X\=0 (88) 

X\A - (g-?-^)rf^^Ca^^^^^ia..(^-')"^^.a,(i?-^)'^^)a..X"k^-a- 

- C^^^Ca^/?^^''^a..(^'')"^e.a,i?"l,a(^"')'^l2feX^x\=0 (89) 

x%x\2 - iR-'r^d.R''%.2 x%x\ = (90) 
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X\x\ - df^d-'Rf\^^{R-r^%^x^X%=0 (91) 

x%x\ - R''Xe,{R~'rX,. X%,X% = ^ (92) 

X\x\ - d'^d:^'R'^%jR-T\a.x'''oX%=0 (93) 

X%X\ - {R-'rX,, x\x'h = ^ (94) 

x'-c,x'l - qd''d-^'R''\^^x''hx'i,=Q (95) 

The commutations in (0)-(0) and ([8^)- (l95|) are those of the two g-commuting 
subalgebras GLq{n). Again we call X this subset of the g-Lie algebra commutation 
relations of GLq{n+ 1, C). It closes on the generators x"'bi X^c X\i x\- The A and 
C components entering the subset X are given by (E3)-(p5|) and by 



A a2_rf2|Ci bi _ A 12 d2\ci hi (Qf]\ 



ai d\ I C2 b2 11 f^i I C2 62 

02 c<2|5i ( T3-l\a2C\ p32(i2 



Aol. 1%",, = (i?-^)''^^..i?^^t/2 (97) 

^.?o'l%l = - <i~'Wa\R'''Xc2 (98) 

A.ro'T>S2 = ^'^C2^^^^''c2a.^'^^t/2 (99) 

.2%2 = ^"'^"tc2 (100) 



^^ai \ C2 h ~ "c2 I-"- J 3iC2-^ aieil-f^ J 32^1"^ 62/2 \^^^) 

\VnX = -d'd-.^q - q-'mR-T'U (102) 

A„r^ = «?^^4-2'^^^'^2..(^-')"^e,a,i?"a,2(^"')'^l2.2 (103) 

A." mX = il- 9-^)rf^^'ie-'/?^^^J2..(^-')"^a.(^~^)'^^|2.2 (104) 

\VriX = (R~T%2d.R'Xc2 (105) 

A^o'^ l'c-2\2 = d^'d-^'R'Xa. iR-'Y''%^2 (106) 

A.f <^?r; I = d^'d-}R'^\,^{R-'rX,^ (107) 

A^" tWo = d'^d-'R'%q^ {R-T\a. (108) 

\\Tol=^''(R''r'U (109) 

A.°frc-2\ = ?^'^^c-'^'^'c2.. (110) 

/-(Ci bi I d2 (~\ci 61 I d2 n 1 1 ^ 

^ C2 baldi - C2 f)2ldi y^^^) 

C°>-Jo'^ = ^Z^rf"'^^'^''^- + df^d^^'Rf%^R^\,J (112) 

CV52lo'^ = -^"tc2 (113) 

Again we find that these are the only non- vanishing A^^^^ 1*^2^2 components and 

the only non- vanishing 0*^2^2 1-01^ components with indices Ci,C2, Bi, B2 corre- 
sponding to the subset X. By the same reasoning used in the case of IGLg{n), we 
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conclude that - (p^) , (P^) - (P^) define a bicovariant quantum Lie algebra, and a 
consistent differential calculus can be set up, based on a A tensor whose only nonva- 
nishing components are (^)-(p^), (|^)-(|TTU|). This differential calculus is obtained 



from the one of GLg{n + 1, C) by setting: 

u,'' = u;o° = = ^0° = (114) 
X'a = X\ = X\ = X°o = (115) 

In the Table we present the g-Lie algebra for IGLg{2,C), i.e. the quantum 
Poincare group with the addition of two dilatations, generated by x^i + X^2 
X^l + x\ The generators x\ ^^nd x\ close on the g-Lie algebra of GLq(2, C), while 

and x^b ^'^^ g-momentum generators. To obtain ISLq{2, C) we must 

require wdet^T^^ = udetqT°-j^ = I. This implies the relation 

x\ + x\ -{q- q-')x\x\ + q\q - q'^)x\x\ = o (ii6) 

(cf. ref. 0) and a similar one for barred generators, which reduce the number of 
independent generators from 12 to 10. 

The co-structures of x^ j a-^'s given by: 

AVj) = ® X'j + ® J (117) 

e\x'j) = (118) 

^\x'j) = -X\ J (119) 

where 

//^^«:'((LYi.)(^-)^ (120) 

and the functionals {L'^Y j are defined below. A detailed account of the bicovariant 
differential calculus on the quantum Poincare group is given in ref. |TH . 



Note 1: we have chosen Ti^^^j^ = R^^cd (EID- l'^ ia^ct, another choice is 
possible, i.e. T^^^^D ~ [(-^^)~^]^'^cd) since it reproduces the same commutations 
(p?!). This last choice is favoured in ref. |T^. However a consistent projection 
on IGLq{n,C) does not seem to exist in this case. Note that our choice ( |72D is 
still consistent with a *-structure on the space of regular functionals. Indeed a 
conjugation on the functionals {L"^)^ ^ can be defined as: 



[iL^)\na) ^ [{LT)\{a*)] (121) 

where a G GLq{n + 1, C) and the bar indicates the usual conjugation on C. We 
recall that these functionals are defined by their action on the group elements: 

{L^y AT\) = {n^y^'jL (122) 
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Then 

{L^)^B = [{L^)W' (123) 
Note 2: the right-hand sides of eq.s (|88| ) and (^) vanish because of the identities: 

d^'^d-^iR-^r^'UR^Xf, = 6il5ll (124) 

d^'d-^{R-y%X'^f^,^ = 5tl5ll (125) 
vahd for any GLq{n) i?-matrix. 

Note 3: the quantum Lorentz group SLq{2,C) is obviously contained in the 
g-Poincare group ISLq{2, C). This inclusion holds also for the corresponding g-Lie 
algebras, since x°'b ^^"^ close on the quantum Lorentz g-Lie algebra, cf. the 
Table. This fact is of relevance for the construction of a g-Minkowski spacetime as 
the quantum coset space g-Poincare / g-Lorentz. 



11 



Table 

The bicovariant q-Lie algebra of the quantum Poincare group 



x\x\ - x\x\ + (1 - q^)x\x\ 
x\x\ - x\x\ - (1 - q'^)x\x\ 
x\x\ - x\x\ = 
x\x\ - x\x\ + (1 - qV2x\ 
x\x^2 - q^x^2X^2 = qx^2 
x^ix\ - q~Wx\ = -q~W: 



= qx2 
= -qx\ 

- (1 - q^)x\x\ = qix\ - x\) 

and same with barred indices 



x\x\ - q~^x\x\ - {q~^ - ^)x\x\ = -^"^x^o 
x^oX^2 - q'^x^2x\ = 
x^ox^i - q'^x^ix\ - {q^^ - q)x^2X^o = -x\ 
xV2 - x\x\ = 

x^ox\ - x^ix^o - iq~^ - ^)x\x\ - (-2 + q~^ + q^)x\x\ ^{q-q~ 
x\x\ - q~Wx\ - {q~^ - q)x\x\ = -x\ 
xVi - q~^x^ix\ = 
x^oX^2 - q~Wo = -q~^x\ 

x\x\ - q\\x\ - (1 - + q%\x\ -{-q + q^)x\x\ = qW 
xjXj - qxSx^i - {-q^ + qV2X^2 = q^x% 
x%x\ - x^ix\ -{q- q~^)x\x^i = o 

x\x\ - qx\x\ = 
xW2-xVi = o 

x°2X^i - gx^ix°2 - (q^ - i)x^2X°i = qx\ 

2 2 2 fl fl 

X 2X 2 - q X 2X 2 = qx 2 

x\x\ - qx\x\ = 

x°iX°2 - r 'x°2X°i = 

X^oX°i - q-'x\x\ + (1 - ?-')x°2X'o = 

X^oXj - 9"^XjX^o = 

X^oXj - g"^XjX^o = 

X^oX°2 - ?"^X°2X^o = 
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X\x\ - X\x\ + + q-'')x\x\ + (-1 - q-' + '^q-^)x\x\- 

-{i-f)x\x\ = Q 
x\xj - Xjx\ - {-q~^ + ?"^)x°2X^o = 

- x\x^i - {(f - - (1 - ?^)x^2x\ 

- x\x^i - (1 - q~'^)x\x^i = 

x^2Xj - {q^ - ^)x\x^i - x\x\ - (1 - Q^)x\x\ = 

X^2X^2 - 9^X^2X^2 = 

x'2x'i - g~'x'ixV+ (-r' + ?"^)x°ix'o - - 9')'x"2x'o- 

- (-1 + 9"^)x^ix\ - (1 - 9"^)x^2x\ - {q~^ - q~^ + - i)x^2x\- 

- (1 - q-')x\x\ iq-' - i)x\x\ = 

x^2X^2 - x^2X^2 + i-q'^ + 5"^)x°2X^o - (-1 + 9"^)x^2x\- 

- (1 - g-')x'2x'2 = 

x'lXj - x'lX'i + + q~^)x\x\ = 

x^x J - ?"^x^2X^ + i-q~^ + q~'^)x\x^o = o 

X^Xj - g^x^iX^ = 

X^Xj - XjX\ = 

X^2Xj - XjX^2 - (1 - 5"^)X^2X^ = 

X^2X^2 - X^2X^2 = 

x'2x'i - x'ix'2 + i-q'^ + ?"')x°ix'o - (-1 + q''')x\x\- 

-(l-_g-V2X^ = 

x^2X^2 - x^2X^2 + {-q~^ + ?"^)x°2X^o - {q~^ - q~^)x\x\ = 

x\x°i - x\x\ - (1 - g')x°2x'i = 
x\x°2 - X°2X\ = 

x^2Xj - ?"^_x°iX^2 -{q- q~V2x\ - {q~^ - q)x\x\ = 

X^2Xj - 9X jX^2 = 
X^Xj - ?X°iX^ = 

x^x°2 - q~^x\x^i = 

x'2X°i - x°ix'2 - (1 - r')x°2X^ = 

X^2X°2 - X°2X^2 = 

X^oXj - X^i_X^o - (1 - ?^)x^2X^o = 
X^oXj - 5X^2X^0 = 

x^oXj - q~^x\x\ -{q- q~])x\x^o - {q~^ - q)x\x\ = 
x^oXj - xjx^o - (1 - 5"^)x^2X^o = 

X^oXj - X^iX^_o = 

x^oXj - q~[x\x\ = 

X^oXj - 9X^1X^0 = 
X^oX^2 - X^2X^0 = 
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